We present the simplest non-abelian version of Seiberg-Witten theory: Quaternionic monopoles. These monopoles are associated with Spin h (4)-structures on 4-manifolds and form finite-dimensional moduli spaces. On a Kähler surface the quaternionic monopole equations decouple and lead to the projective vortex equation for holomorphic pairs. This vortex equation comes from a moment map and gives rise to a new complex-geometric stability concept. The moduli spaces of quaternionic monopoles on Kähler surfaces have two closed subspaces, both naturally isomorphic with moduli spaces of canonically stable holomorphic pairs. These components intersect along Donaldsons instanton space and can be compactified with Seiberg-Witten moduli spaces. This should provide a link between the two corresponding theories.
Introduction
Recently, Seiberg and Witten [W] introduced new 4-manifold invariants, essentially by counting solutions of the monopole equations. The new invariants have already found nice applications, like e.g. in the proof of the Thom conjecture [KM] or in a short proof of the Van de Ven conjecture [OT2] . In this paper we introduce and study the simplest and the most natural non-abelian version of the Seiberg-Witten monopoles, the quaternionic monopoles.
Let (X, g) be an oriented Riemannian manifold of dimension 4. The structure group SO(4) has as natural extension the quaternionic spinor group Spin h (4) := Spin(4) × Z 2 Sp(1):
1 −→ Sp(1) −→ Spin h (4) −→ SO(4) −→ 1 .
The projection onto the second factor Sp(1) = SU(2) induces a "determinant map" δ : Spin h (4) −→ P U(2). A Spin h (4)-structure on (X, g) consists of a Spin h (4)-bundle over X and an isomorphism of its Sp(1)-quotient with the (oriented) orthonormal frame bundle of (X, g). Given a Spin h (4)-structure on X, one has a one-one correspondence between Spin h -connections projecting onto the Levi-Civita connection and P U(2)-connections in the associated "determinant" P U(2)-bundle. The quaternionic monopole equations are:
where A is a P U(2)-connection in the "determinant" of the Spin h (4)-structure and D A the induced Dirac operator; Ψ is a positive quaternionic half-spinor. The Dirac operator satisfies the crucial Weitzenböck formula :
It can be used to show that the solutions of the quaternionic monopole equations are the absolute minima of a certain functional, just like in the Spin c (4)-case [JPW] . The moduli space of quaternionic monopoles associated with a fixed Spin h (4)-structure h is a real analytic space of virtual dimension m h = − 1 2 (3p 1 + 3e + 4σ) .
Here p 1 is the first Pontrjagin class of the determinant, e and σ denote the Euler characteristic and the signature of X.
Note that m h is an even integer iff X admits an almost complex structure. The moduli spaces of quaternionic monopoles contain the Donaldson instanton moduli spaces as well as the classical Seiberg-Witten moduli spaces, which suggests that they could provide a method of comparing the two theories. We study the analytic structure around the Donaldson moduli space.
Much more can be said if the holonomy of (X, g) reduces to U(2), i.e. if (X, g) is a Kähler surface. In this case we use the canonical Spin c (4)-structure with Σ + = Λ 00 ⊕ Λ 02 and Σ − = Λ 01 as spinor bundles. The data of a Spin h (4)-structure h in (X, g) is then equivalent to the data of a Hermitian 2-bundle E with det E = Λ 02 . The determinant δ(h) coincides with the P U(2)-bundle P (E) associated with E. A positive spinor can be written as Ψ = ϕ + α, where ϕ ∈ A 0 (E ∨ ) and α ∈ A 02 (E ∨ ) are E ∨ -valued forms. To give a P U(2)-connection in P (E) means to give a U(2)-connection in E inducing the Chern connection in Λ 02 , or equivalently, a U(2)-connection C in E ∨ inducing the Chern connection in K X = Λ 20 . A pair (C, ϕ + α) solves the quaternionic monopole equation iff C is a connection of type (1, 1), one of α or ϕ vanishes while the other is∂ C -holomorphic, and a certain projective vortex equation is satisfied. This shows that in the Kähler case the moduli space decomposes as a union of two Zariski closed subspaces intersecting along the Donaldson locus. The two subspaces are interchanged by a natural real analytic involution, whose fixed point set is precisely the Donaldson moduli space.
The projective vortex equation comes from a moment map which corresponds to a new stability concept for pairs (E, ϕ) consisting of a holomorphic bundle E with canonical determinant det E = K X and a holomorphic section ϕ. We call such a pair canonically stable iff either E is stable, or ϕ = 0 and the divisorial component D ϕ of the zero locus satisfies the inequality
. Our main result identifies the moduli spaces of irreducible quaternionic monopoles on a Kähler surface with the algebro-geometric moduli space of canonically stable pairs.
In the algebraic case, moduli spaces of quaternionic monopoles can easily be computed using our main result (Theorem 7.3) and Lemma 5.5. The moduli spaces may have several components: Every component contains a Zariski open subset which is a holomorphic C * -bundle. For some components, this C * -bundle consists only of pairs (E, ϕ) with E stable as a bundle; components of this type can be obtained by compactifying the corresponding C * -bundle with a Donaldson moduli space at infinity. In the other direction, the component is not compact, but has a natural compactification obtained by adding spaces associated with Seiberg-Witten moduli spaces. The other components can also be naturally compactified by using Seiberg-Witten moduli spaces in both directions.
This compactification process, as well as the corresponding differential geometric interpretation will be the subject of a later paper.
The quaternionic spinor group is defined as
and fits in the exact sequences
These can be combined in the sequence
In dimension 4, Spin h (4) has a simple description, coming from the splitting Spin(4) = SU(2) × SU(2):
with Z/2 = (−id, −id, −id) . There is another useful way to think of Spin h (4): let G be the group
1 After having completed our results we received a manuscript by Labastida and Marino [LM] in which related ideas are proposed from a physical point of view, and physical implications are discussed One has an obvious isomorphism Spin h (4) = G / S 1 , and a commutative diagram with exact rows Proof: This follows from the cohomology sequence
associated to (2), since the connecting homomorphism β is given by taking the sum of the second Stiefel-Whitney classes of the two factors.
In this paper we will only use Spin h -structures in SO (4) Proof: The cohomology sequence associated with the second row in (3) shows that Spin h -structures in bundles whose second Stiefel-Whitney classes admit integral lifts are given by G-structures modulo tensoring with S 1 -bundles. On the other hand, to give a G-structure in P simply means to give a triple (Σ + , Σ − , E) of U(2)-bundles together with isomorphisms
This is equivalent to giving a triple consisiting of a Spin c (4)-structure P c / S 1 ≃ P in P , a U(2)-bundle, and an isomorphism det P c ≃ det E.
In the situation of this lemma, we get well defined vector bundles
depending only on the Spin h -structure and not on the chosen G-lifting. These spinor bundles have the following intrinsic interpretation: identify SU(2)× Z/2 SU(2) with SO(4), and denote by
the projections of Spin h (4) = SU(2) × SU(2) × SU(2) / Z/2 onto the indicated factors (π = π 12 ). Using the inclusion SO(4) ⊂ SU(4), we can form three SU(4)-vector bundles P h × π ij C 4 , (i, j) ∈ {(1, 2), (1, 3), (2, 3)}. Under the conditions of the previous lemma we have
The P U(2)-bundle P h × δ P U(2) associated with the Spin h -structure P c / S 1 ≃ P has in this case a very simple description: it is the projectivization P (E) of the U(2)-bundle E.
2
The quaternionic monopole equations Let (X, g) be an oriented Riemannian 4-manifold with orthonormal frame bundle P . The exact sequence (2) in the previous section shows two things: first, isomorphism classes of P U(2)-bundles with second Stiefel-Whitney class equal to w 2 (P ) are in 1-1 correspondence with orbits of Spin h (4)-structures in P under the action of H 1 (X, Z/2); second, Spin h (4)-connections in a Spin h (4)-bundle P h which induce the Levi-Civita connection in P correspond bijectively to connections in the associated P U(2)-bundle P h × δ P U(2). Now it is well known that w 2 (P ) = w 2 (X) is always the reduction of an integral class [HH] , so that we can think of a Spin h -structure in P as a triple (Σ + , Σ − , E) of U(2)-bundles with isomorphisms det Σ + ≃ det Σ − ≃ det E modulo tensoring with unitary line bundles. We denote the Spin h (4)-connection corresponding to a connection A ∈ A(P (E)) in the associated P U(2)-bundle byÂ.
Remark 2.1 Given a fixed U(1)-connection c in det E, the elements in A(P (E)) can be identified with those U(2)-connections in E, which induce the fixed connection c.
Now view a Spin
which extends to a homomorphism
mapping the bundle Λ 1 of real 1-forms into the bundle of trace-free skewHermitian endomorphisms. The induced homomorphism
maps the subbundles Λ 2 ± ⊗ C isomorphically onto the bundles End 0 (Σ ± ), and identifies Λ ± with the trace-free, skew-Hermitian endomorphisms ( [H] , [OT1] ).
. Choose a connection A ∈ A(P (E)), and letÂ be the corresponding Spin h (4)-connection in P h . The associated Dirac opearor is defined as the composition
where ∇Â is the covariant derivative ofÂ and γ the Clifford multiplication.
Note that the restricted operators
interchange the positive and negative half-spinors. Let s be the scalar curvature of (X, g).
operator whose Laplacian satisfies the Weitzenböck formula
Proof: Choose a Spin c (4)-structure P c / S 1 ≃ P and a S 1 -connection c in the unitary line bundle det P c . The connection A ∈ A(P (E))lifts to a unique U(2)-connection C in the bundle E ∨ which induces the dual connection of c in det
In [OT1] we introduced the Dirac operator
by construction it coincides with the operator
, and its Weitzenböck formula reads
where
. Substituting
F c we get the Weitzenböck formula (4) for D A .
Consider now a section Ψ ∈ A 0 (H ± ). We denote by
the projection of Ψ ⊗Ψ ∈ A 0 (EndH ± ) onto the fourth summand in the decomposition
(ΨΨ) 0 is a Hermitian endomorphism which is trace-free in both factors.
Definition 2.4 Choose a Spin h (4)-structure in P with spinor bundle H and associated P U(2)-bundle P (E). The quaternionic monopole equations for the pair (A, Ψ) ∈ A(P (E)) × A 0 (H) are the following equations:
The following result is the analog of Witten's formula in the quaternionic case (see [W] , §3 ):
Proof: The pointwise inner product (Γ(F A )Ψ, Ψ) for a positive halfspinor Ψ simplifies:
, and since Γ(F + A ) is trace-free in both arguments. Using the Weitzenböck formula (5), we find
which shows that
The identity (5) follows by integration over X.
Moduli spaces of quaternionic monopoles
Let E be U(2)-bundle with w 2 (P ) ≡ c 1 (E) (mod 2), and let c be a fixed S 1 -connection in det E ∨ . We identify A(P (E)) with the space A c (E ∨ ) of U(2)-connections in E ∨ which induce the fixed connection in det E ∨ , and we set:
The natural gauge group is the group G consisting of unitary automorphisms in E ∨ which induce the identity in det E ∨ . G acts on A from the right in a natural way. Let A * ⊂ A be the open subset of A consisting of pairs (C, Ψ) whose stabilizer G (C,Ψ) is contained in the center Z/2 = {±id E } of the gauge group.
Remark 3.1 A pair (C, Ψ) does not belong to A * iff Ψ = 0 and C is a reducible connection.
Indeed, the isotropy group of G acting only on the first factor A c (E ∨ ) is the centralizer of the holonomy of C in SU(2). The latter is S 1 if C is reducible, and Z/2 in the irreducible case.
A pair belonging to A * will be called irreducible. Note that the stabilizer of any pair with vanishing second componenent Ψ contains Z/2.
From now on we also assume that A and G are completed with respect to suitable Sobolev norms L An element in A * will be called strongly irreducible if its stabilizer is trivial. Let A * * ⊂ A * be the subset of strongly irreducible pairs, and put B * * := A * * / G . Proof: Standard, cf. [DK] , [FU] .
Fix a point p = (C, Ψ) ∈ A. The differential of the map G −→ A given by the action of G on p is the map
for ε > 0 sufficiently small, one obtains local slices for the action of G on A * * and charts π| Np(ε) : N p (ε) −→ B * * for B * * .
Note that the curvature F A of a connection in P (E) equals the trace-free part F 0 C of the curvature of the corresponding connection C ∈ A c (E ∨ ). Using the identification A(P (E)) = A c (E ∨ ), we can rewrite the quaternionic monopole equations in terms of pairs (C, Ψ) ∈ A. Let A SW h ⊂ A be the space of solutions.
Definition 3.3 Fix a Spin
h -structure in P . The moduli space of quaternionic monopoles is the quotient
The tangent space to A SW h at p = (C, Ψ) ∈ A is the kernel of the operator
where we consider γ(α) as map γ(α) : Using the isomorphism Γ −1 :
. Let σ(X) and e(X) be the signature and the topological Euler characteristic of the oriented manifold X.
Proposition 3.4 For a solution p = (C, Ψ) ∈ A
SW h , the complex
is elliptic and its index is
Proof: The complex C p has the same symbol sequence as
which is an elliptic complex with index
The latter term is
Remark 3.5 The integer in (7) is always an even number if X admits almost complex structures.
Our next step is to endow the spaces M * * (M * ) with the structure of a real analytic space (orbifold).
In the first case (compare with [FU] , [DK] , [OT1] , [LT] ), we have an analytic map σ :
which gives rise to a sectionσ in the bundle
. We endow M * * with a real analytic structure by identifying it with the vanishing locus Z(σ) ofσ, regarded as a subspace of the Hilbert manifold B * * (in Douady's sense) ( [M] , [LT] ). Now fix a point p = (C, Ψ) ∈ A * . We put
Claim 3.6 For sufficiently small ε > 0, S p (ε) is a finite dimensional submanifold of A which is contained in the slice N p (ε) and whose tangent space at p is the first harmonic space H
To prove this claim, we consider the map
given by the left hand terms in the equations defining S p (ε). The derivative of s p at 0 is the first Laplacian
associated with the elliptic complex C p , hence s p is a submersion in 0. This proves the claim.
The intersection
of the space of solutions with the standard slice through p is contained in S p (ε) and can be identified with the finite dimensional model
If p ∈ A * * is strongly irreducible, then the map
is a local parametrization of M * at p, hence Z(σ| Sp(ε) ) is a local model for the moduli space around p.
If p ∈ A * \ A * * is irreducible but not strongly irreducible, then necessarily Ψ = 0, and the isotropy group G p = Z/2 acts on S p (ε). Since σ is Z/2-equivariant, we obtain an induced action on Z(σ| Sp(ε) 
* cannot be identified. The difference comes from the fact that our gauge group is SU(E ∨ ), whereas the P U(2)-instantons are classified modulo P U(E ∨ ).
For simplicity we shall however refer to D * as Donaldson instanton moduli space.
Concluding, we get The local structure of the moduli space M in reducible points, which correspond to pairs formed by a reducible instanton and a trivial spinor, can also be described using the method above (compare with [DK] ).
Let M SW ⊂ M be the subspace of M consisting of all orbits of the form (C, Ψ) · SU(E ∨ ), where C is a reducible connection and Ψ belongs to one of the summands. Let L := det Σ ± = det E. It is easy to see that
where M SW M denotes the rank-1 Seiberg-Witten moduli space associated to a Spin c (4)-structure of determinant M. The fact that the moduli spaces of quaternionic monopoles contain Donaldson moduli spaces as well of Seiberg-Witten moduli spaces suggests that they could provide a method for comparing the invariants given by the two theories.
Quaternionic monopoles on Kähler surfaces
Let (X, g) be a Kähler surface with canonical Spin c (4)-structure; in this case Σ + = Λ 00 ⊕ Λ 02 , and Σ − = Λ 01 . A Spin h (4)-structure in the frame bundle is given by a unitary vector bundle E together with an isomorphism det E ≃ Λ 02 . A Spin h (4)-connectionÂ corresponds to a P U(2)-connection A in the associated bundle P (E), or alternatively, to a unitary connection C in E ∨ which induces a fixed S 1 -connection c in Λ 20 . Recall that the curvature F A of A equals the trace-free component F 0 C of F C . If we choose c to be the Chern connection in the canonical bundle Λ 20 = K X , then the Spin h (4)-connection in H = Σ ⊗ E ∨ is simply the tensor product of the canonical connection in Σ = Σ + ⊕ Σ − and the connection C. A positive quaternionic spinor Ψ ∈ A 0 (H + ) can be written as Ψ = ϕ + α, with ϕ ∈ A 0 (E ∨ ), and α ∈ A 02 (E ∨ ). (1, 1) and one of the following conditions holds
) solves the quaternionic monopole equations if and only if F C is of type
Proof: Using the notation in the proof of the Weitzenböck formula, we have
Note that the right-hand side of formula (5) is invariant under Witten's transformation (C, ϕ + α) −→ (C, ϕ − α). Therefore, every solution satisfies 
, and we obtain∂ C ψ = ∂ Cψ = ∂ C α = 0. Here we used the fact that Λ g : Λ 12 −→ Λ 01 is an isomorphism, the adjoint of the Lefschetz isomorphism · ∧ ω g [LT] . A simple calculation in coordinates gives − * (α ⊗ᾱ) 0 = (ᾱ ⊗ᾱ) 0 = (ψ ⊗ψ) 0 .
Stability
Let (X, g) be a compact Kähler manifold of arbitrary dimension, E a differentiable vector bundle, and let L be a fixed holomorphic line bundle, whose underlying differentiable line bundle is L := det E.
Note that the determinant of the holomorphic bundle E is fixed, not only its isomorphism type.
Two pairs (E i , ϕ i ), i = 1, 2 of the same type are isomorphic if there exists an isomorphism f : E 1 −→ E 2 with f * (ϕ 2 ) = ϕ 1 and det f = id L . In other words, (E i , ϕ i ) are isomorphic iff there exists a complex gauge transformation f ∈ SL(E) with f * (ϕ 2 ) = ϕ 1 such that f is holomorphic as a map f : E 1 −→ E 2 .
Definition 5.2 A holomorphic pair (E, ϕ) is simple if any automorphism of it is of the form f = εid E , where ε rkE = 1. A pair (E, ϕ) is strongly simple if its only automorphism is id E .
Note that a simple pair (E, ϕ) with ϕ = 0 is stongly simple, whereas a pair (E, 0) is simple iff E is a simple bundle.
Note also that (E, ϕ) is simple iff any trace-free holomorphic endomorphism f of E with f (ϕ) = 0 vanishes.
For a nontrivial torsion free sheaf F on X, we denote by µ g (F ) its slope with respect to the Kähler metric g. Given a holomorphic bundle E over X and a holomorphic section ϕ ∈ H 0 (X, E), we let S(E) be the set of reflexive subsheaves F ⊂ E with 0 < rk(F ) < rk(E), and we define
Recall the following stability concepts [B2] :
2. Let λ ∈ R be a real parameter. The pair (E, ϕ) is λ-stable iff max µ g (E), sup
is a λ-stable pair, and E ′′ is a polystable vector bundle of slope λ.
From now on we restrict ourselves to the case rk(E) = 2. Note that there is no parameter λ in the stability concept for holomorphic pairs of a fixed type. The conditions depend only on the metric g and on the slope µ g (E) of the underlying differentiable bundle E.
Lemma 5.5 Let (E, ϕ) be a holomorphic pair of type (E, L) with ϕ = 0. There exists a uniquely determined effective divisor D = D ϕ and a commu-
with a local complete intersection Z ⊂ X of codimension 2. The pair (E, ϕ) is stable if and only if µ g (O X (D)) < µ g (E).
Proof: D = D ϕ is the divisorial component of the zero locus Z(ϕ) of E which is defined by the ideal im(ϕ ∨ : E ∨ −→ O X ), andφ is the induced map. The set S ϕ (E) consists precisely of the line bundles (D) ), which gives the required inequality. If E is not ϕ-stable, then Z = ∅, the extension (9) splits, and the pair
, and assume first that the extension (9) does not split. In this case E is ϕ-stable: in fact, if F ′ ⊂ E is an arbitrary line bundle, either
for an effective divisor ∆ containing Z, and we find
Furthermore, strict inequality holds, unless Z = ∅ and the extension (9) splits, which it does not by assumption.
In the case of a split extension, we only have to notice that a pair (E ′ , ϕ) is λ-stable for any parameter λ > µ g (E ′ ) [B1] .
Remark 5.6 Consider a pair (E, ϕ) of type (E, L) with ϕ = 0 and associated extension (9) .
, and the extension does not split.
Indeed, if the extension splits, then E is not ϕ-stable, since
The projective vortex equation
Let E be a differentiable vector bundle over a compact Kähler manifold (X, g). We fix a holomorphic line bundle L and a Hermitian metric l in L.
Let (E, ϕ) be a holomorphic pair of type (E, L). (2iΛTrF h + |ϕ| 2 ). Therefore, by [OT1] , the pair (E, ϕ) is λ-polystable
Let A be the Chern connection of h, and denote by E ′ the minimal Ainvariant subbundle which contains ϕ. If E ′ = E, then E is ϕ-stable and the pair (E, ϕ) is stable.
If E ′ = 0, hence ϕ = 0, then h is a weak Hermitian-Einstein metric, E is a polystable bundle, and the pair (E, ϕ) is polystable by definition.
In the remaining case E ′ is a line bundle and ϕ = 0. Let E ′′ := E ′⊥ be the orthogonal complement of E ′ , and let h ′ and h ′′ be the induced metrics in E ′ and E ′′ . We put s := iΛ g TrF h . Then, since h = h ′ ⊕ h ′′ , the projective vortex equation can be rewritten as: 
whose image is the suborbifold of stable pairs of type (E, K X ).
Proof: Standard arguments (cf. [OT1] ) show that J is anétale map which induces natural identifications of the local models. A point [(δ, ϕ) ] lies in the image of J iff the SL(E)-orbit of (δ, ϕ) intersects the zero locus of the map
Let (E, ϕ) be the holomorphic pair of type (E, K X ) defined by (δ, ϕ). We can reformulate the condition above in the following way: [(E, ϕ)] lies in the image of J iff there exists a Hermitian metric h in E inducing the Kähler metric in K X = det E which satisfies the projective vortex equation (V ). But we know already that this holds iff (E, ϕ) is stable. Moreover, the unicity of the solution of the projective vortex equation is equivalent to the injectivity of J.
Using the remark after Proposition 4.1, we can now state the main result of this paper: Theorem 7.3 Let (X, g) be a Kähler surface with canonical bundle K X , and let E be a U(2)-bundle with det E = K X . Consider the Spin h -structure associated with the canonical Spin c (4)-structure and the U (2) 
